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Abstract
In this paper the projective curvature invariants of a complex
Finsler space are obtained. By means of these invariants the no-
tion of complex Douglas space is then defined. A special approach
is devoted to obtain the equivalence conditions that a complex Finsler
space should be Douglas. It is shown that any weakly Ka¨hler Douglas
space is a complex Berwald space. A projective curvature invariant
of Weyl type characterizes the complex Berwald spaces. They must
be either purely Hermitian of constant holomorphic curvature or non
purely Hermitian of vanish holomorphic curvature. The locally pro-
jectively flat complex Finsler metrics are also studied.
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1 Introduction
The study of projective real Finsler spaces was initiated by L. Berwald,
[10, 11], and his studies mainly concern the two dimensional Finsler spaces.
Further substantial contributions on this topic came later from Rapcsa´k [22],
Misra [19] and, especially, from Z. Szabo [27] and M. Matsumoto [17]. The
problem of projective Finsler spaces is strongly connected to projectively
related sprays, as Z. Shen pointed out in [26]. The topic of projective real
Finsler spaces continues to be of interest for some projective invariants: Dou-
glas curvature, Weyl curvature and others. The exploration of these projec-
tive invariants leads to the special classes of metrics such as the Douglas
metrics and the Finsler metrics of scalar flag curvature, ([7, 8, 14, 16, 12],
etc.).
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Few general themes from projective real Finsler geometry are broached
in complex Finsler geometry, [3]. Two complex Finsler metrics L and L˜,
on a common underlying manifold M , are called projectively related if any
complex geodesic curve, in [1]’ s sense, of the first is also complex geodesic
curve for the second and the other way around. This means that between
the spray coefficients Gi and G˜i there is a so called projective change G˜i =
Gi+Bi+Pηi, where P is a smooth function on T ′M with complex values and
Bi := 1
2
(θ˜∗i−θ∗i). Although the Chern-Finsler complex nonlinear connection,
with the local coefficients N ij , is the main tool in complex Finsler geometry
([1, 20]), in this study we use the canonical complex nonlinear connection
because it derives from a complex spray, i.e.
c
N ij := ∂˙jG
i and Gi = 1
2
N ijη
j.
Using some ideas from the real case, our aim in the present paper is
to study the above mentioned projective change. It gives rise to projective
curvature invariants of Douglas and Weyl types. Associated to the canoni-
cal complex nonlinear connection we have the complex linear connection of
Berwald type which is an important tool in our approach.
Subsequently, we have made an overview of the paper’s content.
In §2, some preliminary properties of the n - dimensional complex Finsler
spaces are stated. We prove that the complex Finsler spaces which are weakly
Ka¨hler and generalized Berwald are complex Berwald spaces (Theorem 2.1).
In §3, the structure equations satisfied by the connection form of the
complex linear connection of Berwald type are emphasized. Next, we derive
some of Bianchi identities which specify the relations among the covariant
derivatives of the curvature coefficients of this complex linear connection.
A first class of projective curvature invariants obtained by successive ver-
tical differentiations of the projective change is explored in §4. We find three
projective invariants of Douglas type and by means of them are defined the
complex Douglas spaces. The necessary and sufficient conditions in which a
complex Finsler space is Douglas are contained in Theorem 4.2.
The study of the weakly Ka¨hler projective changes is more significant. We
prove that the weakly Ka¨hler Douglas spaces are complex Berwald spaces,
(Theorem 5.2). A projective curvature invariant of Weyl type W ijkh, which
has the same formal form as in the real case, is obtained. It is vanishing in the
Ka¨hler context. For the complex Berwald spaces another projective curvature
invariant of Weyl type W i
jk¯h
is found. We show that W i
jk¯h
= 0 if and only
if the space is either purely Hermitian with the holomorphic curvature KF
equal to a constant value or non purely Hermitian with KF = 0, (Theorem
5.4).
The last part of the paper, §6, is devoted to the locally projectively flat
complex Finsler metrics. The necessary and sufficient conditions for the
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locally projectively flat complex Finsler metrics and other characterizations
are established in Theorems 6.2, 6.3 and Proposition 6.2. Finally, the locally
projectively flat complex Finsler metrics are exemplified, better illustrating
the interest for this work, (Theorem 6.4).
2 Preliminaries
LetM be a n-dimensional complex manifold and z = (zk)k=1,n be the complex
coordinates in a local chart. The complexified of the real tangent bundle TCM
splits into the sum of holomorphic tangent bundle T ′M and its conjugate
T ′′M . The bundle T ′M is itself a complex manifold and the local coordinates
in a local chart will be denoted by u = (zk, ηk)k=1,n. These are changed into
(z′k, η′k)k=1,n by the rules z
′k = z′k(z) and η′k = ∂z
′k
∂zl
ηl.
A complex Finsler space is a pair (M,F ), where F : T ′M → R+ is a
continuous function satisfying the conditions:
i) L := F 2 is smooth on T˜ ′M := T ′M\{0};
ii) F (z, η) ≥ 0, the equality holds if and only if η = 0;
iii) F (z, λη) = |λ|F (z, η) for ∀λ ∈ C;
iv) the Hermitian matrix
(
gij¯(z, η)
)
is positive definite, where gij¯ :=
∂2L
∂ηi∂η¯j
is the fundamental metric tensor. Equivalently, it means that the indicatrix
is strongly pseudo-convex.
Consequently, from iii) we have ∂L
∂ηk
ηk = ∂L
∂η¯k
η¯k = L,
∂gij¯
∂ηk
ηk =
∂gij¯
∂η¯k
η¯k = 0
and L = gij¯η
iη¯j.
Roughly speaking, the geometry of a complex Finsler space consists of
the study of the geometric objects of the complex manifold T ′M endowed
with the Hermitian metric structure defined by gij¯.
Therefore, the first step is to study sections of the complexified tangent
bundle of T ′M, which is decomposed in the sum TC(T
′M) = T ′(T ′M) ⊕
T ′′(T ′M). Let V T ′M ⊂ T ′(T ′M) be the vertical bundle, locally spanned by
{ ∂
∂ηk
}, and V T ′′M be its conjugate.
At this point, the idea of complex nonlinear connection, briefly (c.n.c.),
is an instrument in ’linearization’ of this geometry. A (c.n.c.) is a supple-
mentary complex subbundle to V T ′M in T ′(T ′M), i.e. T ′(T ′M) = HT ′M ⊕
V T ′M. The horizontal distribution HuT
′M is locally spanned by { δ
δzk
=
∂
∂zk
− N jk
∂
∂ηj
}, where N jk(z, η) are the coefficients of the (c.n.c.), i.e. they
transform by a certain rule
N ′ij
∂z′j
∂zk
=
∂z′i
∂zj
N
j
k −
∂2z′i
∂zj∂zk
ηj. (2.1)
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The pair {δk :=
δ
δzk
, ∂˙k :=
∂
∂ηk
} will be called the adapted frame of the (c.n.c.)
which obey to the change rules δk =
∂z′j
∂zk
δ′j and ∂˙k =
∂z′j
∂zk
∂˙′j . By conjugation
everywhere we have obtained an adapted frame {δk¯, ∂˙k¯} on T
′′
u (T
′M). The
dual adapted bases are {dzk, δηk} and {dz¯k, δη¯k}.
Let us consider T the natural tangent structure which behaves on T ′(T ′M)
by T ( ∂
∂zk
) = ∂
∂ηk
; T ( ∂
∂ηk
) = 0, and it is globally defined, (see [20]).
Definition 2.1. [20]. A vector field S ∈ T ′(T ′M) is a complex spray if
T ◦ S = Γ, where Γ = ηk ∂
∂zk
is the complex Liouville vector field.
Locally, this condition of complex spray can be expressed as follows
S = ηk
∂
∂zk
− 2Gk(z, η)
∂
∂ηk
. (2.2)
Under the changes of complex coordinates on T ′M, the coefficients Gk of
the spray S are transformed by the rule
2G′i = 2Gk
∂z′i
∂zk
−
∂2z′i
∂zj∂zk
ηjηk. (2.3)
Between the notions of complex spray and (c.n.c.) there exists an inter-
dependence, one determining the other. Differentiating (2.3) with respect to
ηj it follows that the functions N ij :=
∂Gi
∂ηj
satisfy the rule (2.1), and hence N ij
define a nonlinear connection. Conversely, any (c.n.c.) determines a complex
spray. Indeed, a simple computation shows that if N ij are the coefficients of
a (c.n.c.) then 1
2
N ij η
j satisfy (2.3) and hence, they define a complex spray.
A (c.n.c.) related only to the fundamental function of the complex Finsler
space (M,F ) is the so called Chern-Finsler (c.n.c.), (cf. [1]), with the local
coefficients N ij := g
mi ∂glm
∂zj
ηl. Further on δk is the adapted frame of the Chern-
Finsler (c.n.c.). A Hermitian connection D, of (1, 0)− type, which satisfies
in addition DJXY = JDXY, for all X horizontal vectors and J the natural
complex structure of the manifold, is the Chern-Finsler connection ([1]). It
is locally given by the following coefficients (cf. [20]):
Lijk := g
liδkgjl = ∂˙jN
i
k ; C
i
jk := g
li∂˙kgjl. (2.4)
Recall that Ri
jhk
:= −δhL
i
jk − (δhN
l
k)C
i
jl are hh¯ - curvatures coefficients
of Chern-Finsler connection. According to [1], p. 108, [20], p. 81, the
holomorphic curvature of the complex Finsler space (M,F ) in direction η is
KF (z, η) =
2
L2
Rr¯jk¯hη¯
rηj η¯kηh, (2.5)
4
where Rr¯jk¯h := R
i
jk¯h
gir¯.
In [1]’s terminology, the complex Finsler space (M,F ) is strongly Ka¨hler
iff T ijk = 0, Ka¨hler iff T
i
jkη
j = 0 and weakly Ka¨hler iff gilT
i
jkη
jηl = 0, where
T ijk := L
i
jk−L
i
kj. In [13] it is proved that strongly Ka¨hler and Ka¨hler notions
actually coincide. We notice that in the particular case of the complex Finsler
metrics which come from Hermitian metrics onM, so-called purely Hermitian
metrics in [20], (i.e. gij = gij(z)), all those nuances of Ka¨hler are same. On
the other hand, as in Aikou’s work [2], a complex Finsler space which is
Ka¨hler and Lijk = L
i
jk(z) is named complex Berwald space.
In [20] it is proved that the Chern-Finsler (c.n.c.) does not generally come
from a complex spray except when the complex metric is weakly Ka¨hler. But,
its local coefficients N ij always determine a complex spray with coefficients
Gi = 1
2
N ijη
j . Further, Gi induce a (c.n.c.) denoted by
c
N ij := ∂˙jG
i and called
canonical in [20], where it is proved that it coincides with Chern-Finsler
(c.n.c.) if and only if the complex Finsler metric is Ka¨hler. With respect to
the canonical (c.n.c.), we consider the frame {
c
δk, ∂˙k}, where
c
δk:=
∂
∂zk
−
c
N
j
k ∂˙j ,
and its dual coframe {dzk,
c
δ η
k}, where
c
δ η
k := dηk+
c
Nkj dz
j . Moreover, we
associate to the canonical (c.n.c.) a complex linear connection of Berwald
type BΓ with its connection form
ωij(z, η) = G
i
jkdz
k +Gijk¯dz¯
k, (2.6)
where Gijk := ∂˙k
c
N ij and G
i
jk¯
:= ∂˙k¯
c
N ij . Note that the spray coefficients
perform 2Gi = N ijη
j =
c
N ij η
j = Gijkη
jηk = Lijkη
jηk.
An extension of the complex Berwald spaces, directly related to the BΓ
connection, is called by us generalized Berwald in [3]. It is with the coeffi-
cients Gijk depending only on the position z, equivalently with either ∂˙h¯G
i = 0
or BΓ is of (1, 0) - type. Since in the Ka¨hler case Gijk = L
i
jk, any complex
Berwald space is generalized Berwald.
In Abate-Patrizio’s sense, ([1] p. 101), a complex geodesic curve is given
by D
Th+Th
T h = θ∗(T h, T h), where θ∗ = gm¯kgip¯(L
p¯
j¯m¯
−Lp¯
m¯j¯
)dzi ∧ dz¯j ⊗ δk, for
which it is proven in [20] that θ∗k = 2g j¯k
c
δj¯ L and θ
∗i is vanishing if and only
if the space is weakly Ka¨hler. Thus, the equations of a complex geodesic
z = z(s) of (M,F ), with s a real parameter, in [1]’ s sense can be rewritten
as
d2zi
ds2
+ 2Gi(z(s),
dz
ds
) = θ∗i(z(s),
dz
ds
) ; i = 1, n, (2.7)
where by zi(s), i = 1, n, we denote the coordinates along of curve z = z(s).
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Note that the functions θ∗i are (1, 1) - homogeneous with respect to η,
i.e. (∂˙kθ
∗i)ηk = θ∗i and (∂˙k¯θ
∗i)η¯k = θ∗i.
Next, we emphasize some properties of the complex Finsler spaces.
Lemma 2.1. Let (M,F ) be a complex Finsler space. Then, (∂˙k¯G
i)ηi = 0,
where ηi := ∂˙iL.
Proof. It results differentiating Gigij¯ =
1
2
∂ghj¯
∂zs
ηhηs with respect to η¯k and then
contracting on it by η¯j.
Also, it is necessary to compute
∂˙kθ
∗i = 2∂˙k(g
j¯i
c
δj¯ L) = −2g
j¯lgm¯i(∂˙kglm¯)(
c
δj¯ L) + 2g
j¯i∂˙k(
c
δj¯ L)
= −θ∗lC ikl + 2g
j¯i∂˙k[
∂L
∂z¯j
−
c
N r¯
j¯
(∂˙r¯L)]
= −θ∗lC ikl + 2g
j¯i[ ∂
2L
∂ηk∂z¯j
− (∂˙k
c
N r¯
j¯
)(∂˙r¯L)−
c
N r¯
j¯
gkr¯].
Now, using Lemma 2.1 and ∂
2L
∂ηk∂z¯j
= N r¯
j¯
gkr¯ we obtain
(∂˙k
c
N r¯
j¯
)(∂˙r¯L) = (∂˙k
c
N r¯
j¯
)η¯r = [∂˙j¯(∂˙kG
r¯)]η¯r = ∂˙j¯ [(∂˙kG
r¯)η¯r]− (∂˙kG
r¯)(∂˙j¯ η¯r)
= −(∂˙kG
r¯)Clr¯j¯η
l, where η¯r := ∂˙r¯L and Clr¯j¯η
l := ∂˙j¯ η¯r.
Therefore,
∂˙kθ
∗i = −θ∗lC ikl + 2g
j¯i[(N r¯j¯−
c
N r¯j¯ )gkr¯ + (∂˙kG
r¯)Clr¯j¯η
l]. (2.8)
Theorem 2.1. Let (M,F ) be a complex Finsler space which is weakly Ka¨hler
and generalized Berwald. Then it is a complex Berwald space.
Proof. Under given assumptions, the relation (2.8) is 2g j¯i(N r¯
j¯
−
c
N r¯
j¯
)gkr¯ = 0,
which contracted by 1
2
gim¯g
s¯k gives N s¯m¯−
c
N s¯m¯= 0, i.e. F is Ka¨hler. This,
together with the statement of generalized Berwald, proves our claim.
3 Curvature forms and Bianchi identities
We shall use the complex linear connection of Berwald type BΓ as our main
tool to study the projective geometry of the complex Finsler manifolds. The
connection form of BΓ satisfy the following structure equations
d(dzi)− dzk ∧ ωik = hΩ
i ; d(
c
δ η
i)−
c
δ η
k ∧ ωik = vΩ
i ; dωij − ω
k
j ∧ ω
i
k = Ω
i
j ,
(3.1)
and their conjugates, where d is exterior differential with respect to the
canonical (c.n.c.).
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Since
d(
c
δ η
i) = d
c
N ij ∧dz
j =
1
2
Kijkdz
k ∧ dzj +Θijk¯dz¯
k ∧ dzj
+Gijk
c
δ η
k ∧ dzj +Gi
jk¯
c
δ η¯
k ∧ dzj
and Gijk = G
i
kj, the torsion and curvature forms are
hΩi = −Gijk¯dz
j ∧ dz¯k ;
vΩi = −
1
2
Kijkdz
j ∧ dzk −Θi
jk¯
dzj ∧ dz¯k −Gi
jk¯
dzj∧
c
δ η¯
k −Gi
jk¯
c
δ η
j ∧ dz¯k ;
Ωij = −
1
2
Kijkhdz
k ∧ dzh −
1
2
Ki
jk¯h¯
dz¯k ∧ dzh +Ki
jhk
dzk ∧ dzh
−Gijkhdz
k∧
c
δ η
h −Gijk¯h¯dz¯
k∧
c
δ η¯
h −Gi
jhk
dzk∧
c
δ η
h +Gi
jhk
c
δ η
k ∧ dzh,
where
Kijk :=
c
δk
c
N ij −
c
δj
c
N ik ; Θ
i
jk¯
:=
c
δk¯
c
N ij ; and
Kijkh :=
c
δh G
i
jk−
c
δk G
i
jh +G
l
jkG
i
lh −G
l
jhG
i
lk ;
Ki
jk¯h¯
:=
c
δh¯ G
i
jk¯
−
c
δk¯ G
i
jh¯
+Gl
jk¯
Gi
lh¯
−Gl
jh¯
Gi
lk¯
;
Ki
jk¯h
:=
c
δh G
i
jk¯
−
c
δk¯ G
i
jh+G
l
jk¯
Gilh−G
l
jhG
i
lk¯
are hh-, h¯h¯- and hh¯- curvature
tensors, respectively;
Gijkh := ∂˙hG
i
jk ; G
i
jk¯h¯
= ∂˙h¯G
i
jk¯
; Gi
jk¯h
:= ∂˙hG
i
jk¯
are hv-, h¯v¯- and hv¯-
curvature tensors, respectively. Moreover, they have properties
Kijkh = ∂˙jK
i
kh ; K
i
jkhη
j = Kikh ; K
i
jk¯h¯ +K
i
jh¯k¯ = 0;
Gi
jk¯h
ηj = Gi
hk¯
; Gi
jk¯h¯
η¯h = −Gi
jk¯
.
Note that we preferred to denote by Kijkh the horizontal curvature tensors
of BΓ, instead of classical real notation Rijkh. In this way, we avoid any
confusion with the horizontal curvatures coefficients of the Chern-Finsler
connection from (2.5).
Taking the exterior differential of the third structure equation from (3.1),
it results
− Ωlj ∧ ω
i
l + ω
l
j ∧ Ω
i
l = dΩ
i
j, (3.2)
which leads to sixteen Bianchi identities. We mention here only some of
these, which are needed for our proposed study
∂˙rG
i
jkh = ∂˙hG
i
jkr ; ∂˙rG
i
jkh = ∂˙hG
i
jkr ; ∂˙rG
i
jkh
= ∂˙hG
i
jkr
;
∂˙r¯G
i
jkh = ∂˙hG
i
jrk ; ∂˙rG
i
jk¯h¯
= ∂˙h¯G
i
jkr
; ∂˙r¯G
i
jk¯h¯
= ∂˙h¯G
i
jk¯r¯
; ∂˙r¯G
i
jhk
= ∂˙h¯G
i
jrk.
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In the generalized Berwald case the following identities are true:
∂˙rK
i
jkh = 0 ; ∂˙r¯K
i
jkh = 0 ; ∂˙rK
i
jkh
= 0 ; ∂˙r¯K
i
jkh
= 0
and for complex Berwald spaces we get
Kijr¯k|h¯ = K
i
jh¯k|r¯ ; K
i
jrk|h = K
i
jrh|k, (3.3)
where we denoted by ’|k ’ the horizontal covariant derivative with respect to
Chern-Finsler connection.
4 Projective invariants of a complex Finsler
space
Let L˜ be another complex Finsler metric on the underlying manifold M.
Corresponding to the metric L˜, we have the spray coefficients G˜i and the
functions θ˜∗i. The complex Finsler metrics L and L˜ on the manifold M ,
are called projectively related if these have the same complex geodesics as
point sets. This means that for any complex geodesic z = z(s) of (M,L)
there is a transformation of its parameter s, s˜ = s˜(s), with ds˜
ds
> 0, such that
z = z(s˜(s)) is a geodesic of (M, L˜), and conversely.
Theorem 4.1. [3]. Let L and L˜ be complex Finsler metrics on the manifold
M . Then L and L˜ are projectively related if and only if there is a smooth
function P on T ′M with complex values, such that
G˜i = Gi +Bi + Pηi; i = 1, n, (4.1)
where Bi := 1
2
(θ˜∗i − θ∗i).
The relations (4.1) between the spray coefficients G˜i and Gi of the pro-
jectively related complex Finsler metrics L and L˜ is called projective change.
An equivalent form of this, (see Lemma 3.2, [3]) is
G˜i = Gi + Sηi and θ˜∗i = θ∗i +Qηi; i = 1, n, (4.2)
where S := (∂˙kP )η
k is (1, 0) - homogeneous, Q := −2(∂˙k¯P )η¯
k is (0, 1) -
homogeneous and S − 1
2
Q = P .
Differentiating (4.2) with respect to ηj leads to
c
N˜ ij=
c
N ij +Sjη
i + Sδij and θ˜
∗i
j = θ
∗i
j +Qjη
i +Qδij , (4.3)
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where Sj := ∂˙jS, Qj := ∂˙jQ, θ˜
∗i
j := ∂˙j θ˜
∗i and θ∗ij := ∂˙jθ
∗i. Thus, Sj −
1
2
Qj =
Pj , with Pj := ∂˙jP.
Now, to eliminate S and Q from (4.3), we make the sum by i = j. Since
Siη
i = S and Qiη
i = 0, (4.3) gives
S =
1
n+ 1
(
c
N˜ ii −
c
N ii ) and Q =
1
n
(θ˜∗ii − θ
∗i
i ). (4.4)
So that, P = 1
n+1
(
c
N˜ ii −
c
N ii )−
1
2n
(θ˜∗ii − θ
∗i
i ). Substituting this in (4.1), we
find that the projective change is
G˜i = Gi+
1
2
(θ˜∗i− θ∗i)+
1
n + 1
(
c
N˜ ll −
c
N ll )η
i−
1
2n
(θ˜∗ll − θ
∗l
l )η
i, i = 1, n. (4.5)
From here it results
Di := Gi −
1
n+ 1
c
N ll η
i −
1
2
(θ∗i −
1
n
θ∗ll η
i), (4.6)
which are the components of a projective invariant, under the projective
change (4.1).
Proposition 4.1. Let (M,F ) be a complex Finsler space. Then, Di are the
local coefficients of a complex spray if and only if F is weakly Ka¨hler.
Proof. First, Di satisfy the rule (2.3), forasmuch
c
N ll η
i, θ∗i and θ∗ll η
i have
changes all like vectors. Second, Di are (2, 0) - homogeneous if and only if
θ∗i = 1
n
θ∗ll η
i. The last relation contracted by ηi gives 0 = θ
∗iηi =
1
n
θ∗ll L.
Hence, θ∗ll = 0 and so θ
∗i = 0.
Further on, the projective change (4.1) gives rise to various projective
invariants. Indeed, some successive differentiations of (4.6) with respect to η
and η¯ give three projective curvature invariants of Douglas type
Dijkh = G
i
jkh −
1
n+ 1
[(∂˙hDjk)η
i +
∑
(j,k,h)
Djhδ
i
k] (4.7)
−
1
2
{θ∗ijkh −
1
n
[(∂˙hθ
∗l
ljk)η
i +
∑
(j,k,h)
θ∗lljhδ
i
k]};
Dijk¯h¯ = G
i
jk¯h¯ −
1
n+ 1
[(∂˙jDk¯h¯)η
i +Dk¯h¯δ
i
j]
−
1
2
{θ∗ijk¯h¯ −
1
n
[(∂˙h¯θ
∗l
lk¯j)η
i + θ∗llk¯h¯δ
i
j ]};
Dijk¯h = G
i
jk¯h −
1
n+ 1
[(∂˙hDk¯j)η
i +Dk¯jδ
i
h +Dk¯hδ
i
j ]
−
1
2
{θ∗ijk¯h −
1
n
[(∂˙hθ
∗l
lk¯j)η
i + θ∗llk¯jδ
i
h + θ
∗l
lk¯hδ
i
j ]},
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where Dkh := G
i
ikh, Dk¯h¯ := G
i
ik¯h¯
and Dk¯h := G
i
ik¯h
are respectively, hv-,
h¯v¯- and hv¯- Ricci tensors and θ∗ijkh := ∂˙hθ
∗i
jk, θ
∗i
jk := ∂˙kθ
∗i
j , θ
∗i
jk¯h
:= ∂˙k¯θ
∗i
jh,
θ∗i
jk¯h¯
:= ∂˙k¯θ
∗i
jh¯
and θ∗i
jh¯
:= ∂˙h¯θ
∗i
j = ∂˙jθ
∗i
h¯
. In (4.7),
∑
(j,k,h)
is the cyclic sum.
Definition 4.1. A complex Finsler space (M,F ) is called complex Douglas
space if the invariants (4.7) are vanishing.
Remark 4.1. If F is generalized Berwald, i.e. Gijk(z), and weakly Ka¨hler
then Gijkh = G
i
jk¯h¯
= Gi
jk¯h
= 0 and Dkh = Dk¯h¯ = Dk¯h = θ
∗i = 0, and so
the projective curvature invariants of Douglas type are vanishing. Moreover,
taking into account Theorem 2.1 it results that any complex Berwald space is
a complex Douglas space.
Subsequently, the key of the proofs is the strong maximum principle which
gives the constancy of the holomorphic and 0 - homogenous functions.
Lemma 4.1. If one of hv-, h¯v¯- or hv¯- Ricci tensors is vanishing then they
are all vanishing.
Proof. Supposing Dkh = 0, it results G
i
ikh = 0, which is equivalent with
∂˙hG
i
ik = 0. By conjugation, ∂˙h¯G
ı¯
ı¯k¯
= 0, and so, Gı¯
ı¯k¯
are holomorphic in η.
But, Gı¯
ı¯k¯
are 0 - homogeneous with respect to η and so they depend only on
z, (Gı¯
ı¯k¯
= Gı¯
ı¯k¯
(z)). Hence, Giik depend only on z and ∂˙h¯G
i
ik = Dh¯k = 0 which
contracted by ηk give ∂˙h¯
c
N ii= 0, i.e. G
i
ih¯
= 0. So that, Dk¯h¯ = ∂˙h¯G
i
ik¯
= 0.
If Dk¯h¯ = 0 then ∂˙h¯G
i
ik¯
= 0 which contracted by η¯h yield Gi
ik¯
= 0, because
Gi
ik¯h¯
η¯h = −Gi
ik¯
. It results ∂˙k¯G
i
ih = 0, i.e. Dk¯h = 0. Further on using the
holomorphicity in η and 0 - homogeneity of the coefficients Giih it results
that Giih depend on z alone. So, ∂˙jG
i
ih = 0 which give Dhj = 0.
If Dk¯h = 0 then ∂˙k¯G
i
ih = 0 and similarly it results that G
i
ih depend only
on z and Gi
ik¯
= 0. This implies Dhj = Dk¯h¯ = 0.
Since θ∗i are (1, 1) - homogeneous with respect to η, θ∗ik η
k = θ∗i and
θ∗i
k¯
η¯k = θ∗i and so,
θ∗ikjη
k = 0 ; θ∗i
kh¯
ηk = θ∗i
h¯
; θ∗i
k¯j
η¯k = θ∗ij ; θ
∗i
k¯h¯
η¯k = 0; (4.8)
θ∗ikjrη
k = −θ∗ijr ; θ
∗i
kh¯j
ηk = 0 ; θ∗i
rk¯j
η¯k = θ∗irj ; θ
∗i
jk¯h¯
η¯k = 0;
θ∗i
kh¯r¯
ηk = θ∗i
h¯r¯
; (∂˙hθ
∗i
kjr)η
k = −2θ∗ihjr ; (∂˙rθ
∗i
kh¯j
)ηk = −θ∗i
rh¯j
;
(∂˙h¯θ
∗i
rk¯j)η¯
k = 0 ; (∂˙hθ
∗i
rk¯j)η¯
k = θ∗irjh ; (∂˙r¯θ
∗i
kh¯j)η
k = 0.
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Proposition 4.2. Let (M,F ) be a complex Finsler space. If Di
jk¯h
= 0 then
F is generalized Berwald and
Dijkh = −
1
2
{θ∗ijkh −
1
n
[(∂˙hθ
∗l
ljk)η
i +
∑
(j,k,h)
θ∗lljhδ
i
k]}; (4.9)
Di
jk¯h¯
= −
1
2
{θ∗i
jk¯h¯
−
1
n
[(∂˙h¯θ
∗l
lk¯j
)ηi + θ∗l
lk¯h¯
δij]};
θ∗i
jk¯h
=
1
n
[(∂˙hθ
∗l
ljk¯
)ηi + θ∗l
lk¯j
δih + θ
∗l
lk¯h
δij ].
Proof. If Di
jk¯h
= 0 then
Gijk¯h =
1
n+ 1
[(∂˙hDk¯j)η
i +Dk¯jδ
i
h +Dk¯hδ
i
j ] (4.10)
+
1
2
{θ∗ijk¯h −
1
n
[(∂˙hθ
∗l
lk¯j)η
i + θ∗llk¯jδ
i
h + θ
∗l
lk¯hδ
i
j ]}
which will be contracted by ηjηh and then by ηi.
Using Gi
jk¯h
ηjηh = Gi
hk¯
ηh = ∂˙k¯G
i ; (∂˙jDk¯h)η
jηh = 0 ; Dk¯hη
h = Gl
lk¯
and
taking into account (4.8), after the contraction by ηjηh of Gi
jk¯h
, we obtain
∂˙k¯G
i =
2
n+ 1
Gl
lk¯
ηi.
Due to Lemma 2.1, i.e. (∂˙k¯G
i)ηi = 0, the contraction of the above relation
with ηi leads to G
l
lk¯
= 0. Its differential with respect to ηh gives Gl
lk¯h
= 0,
i.e. Dk¯h = 0 which plugged into (4.10) yields
Gi
jk¯h
=
1
2
{θ∗i
jk¯h
−
1
n
[(∂˙hθ
∗l
lk¯j
)ηi + θ∗l
lk¯j
δih + θ
∗l
lk¯h
δij]}.
The last relation contracted by ηj gives Gi
hk¯
= 0. Next, it results ∂˙k¯G
i
jh = 0
which means that Gijh are holomorphic functions with respect to η. Together
with their 0 - homogeneity imply Gijh = G
i
jh(z). Hence G
i
jkh = G
i
jk¯h¯
= 0 and
(4.9).
Proposition 4.3. Let (M,F ) be a complex Finsler space. If Di
jk¯h¯
= 0 then
F is generalized Berwald and
Dijkh = −
1
2
{θ∗ijkh −
1
n
[(∂˙hθ
∗l
ljk)η
i +
∑
(j,k,h)
θ∗lljhδ
i
k]}; (4.11)
θ∗ijk¯h¯ =
1
n
[(∂˙h¯θ
∗l
ljk¯)η
i + θ∗llk¯h¯δ
i
j ];
Dijk¯h = −
1
2
{θ∗ijk¯h −
1
n
[(∂˙hθ
∗l
ljk¯)η
i + θ∗lljk¯δ
i
h + θ
∗l
lk¯hδ
i
j ]}.
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Proof. If Di
jk¯h¯
= 0 then
Gi
jk¯h¯
=
1
n+ 1
[(∂˙jDk¯h¯)η
i +Dk¯h¯δ
i
j] +
1
2
{θ∗i
jk¯h¯
−
1
n
[(∂˙h¯θ
∗l
ljk¯
)ηi + θ∗l
lk¯h¯
δij]}. (4.12)
The contraction of (4.12) by ηj η¯hηi and using (4.8) andG
i
jk¯h¯
η¯hηj = −Gi
jk¯
ηj =
−∂˙k¯G
i ; Dk¯h¯η¯
h = −Gi
ik¯
; (∂˙jDk¯h¯)η¯
hηj = −(∂˙jG
i
ik¯
)ηj = −Gi
ik¯
, it results
0 = −(∂˙k¯G
i)ηi = −
2L
n + 1
Gllk¯,
which implies Gl
lk¯
= 0 and so, Gl
lk¯h¯
= 0, i.e. Dk¯h¯ = 0. Plugging Dk¯h¯ = 0 into
(4.12) we obtain
Gijk¯h¯ =
1
2
{θ∗ijk¯h¯ −
1
n
[(∂˙h¯θ
∗l
ljk¯)η
i + θ∗llk¯h¯δ
i
j ]}.
Now, the last relations contracted only by η¯h leads to Gi
jk¯
= 0. As above we
obtain that Gijh depend only on z. So, the space is generalized Berwald and
the relations (4.11) are true.
Theorem 4.2. Let (M,F ) be a complex Finsler space. Then, (M,F ) is
Douglas if and only if it is generalized Berwald with
θ∗ijkh =
1
n
[(∂˙hθ
∗l
ljk)η
i +
∑
(j,k,h)
θ∗lljhδ
i
k]; (4.13)
θ∗i
jk¯h¯
=
1
n
[(∂˙h¯θ
∗l
ljk¯
)ηi + θ∗l
lk¯h¯
δij ];
θ∗i
jk¯h
=
1
n
[(∂˙hθ
∗l
ljk¯
)ηi + θ∗l
ljk¯
δih + θ
∗l
lk¯h
δij ]}.
Proof. The direct implication is obvious by the last two Propositions. Con-
versely, if the space is generalized Berwald, replacing the relations (4.13) into
(4.7), it follows Di
jk¯h
= Dijkh = D
i
jk¯h¯
= 0.
5 Weakly Ka¨hler projective changes
All the next discussion will be focused on the weakly Ka¨hler complex Finsler
spaces. In this case, the projective invariants of Douglas type (4.7) are
Dijkh = G
i
jkh −
1
n+ 1
[(∂˙jDkh)η
i +
∑
(j,k,h)
Djkδ
i
h]; (5.1)
Di
jk¯h¯
= Gi
jk¯h¯
−
1
n+ 1
[(∂˙jDk¯h¯)η
i +Dk¯h¯δ
i
j ];
Dijk¯h = G
i
jk¯h −
1
n+ 1
[(∂˙jDk¯h)η
i +Dk¯hδ
i
j +Dk¯jδ
i
h].
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By Lemma 4.1, it immediately results the following Proposition.
Proposition 5.1. Let (M,F ) be a weakly Ka¨hler complex Finsler space. If
one of hv-, h¯v¯- or hv¯- Ricci tensors is vanishing, then
Dijkh = G
i
jkh ; D
i
jk¯h¯ = G
i
jk¯h¯ ; D
i
jk¯h = G
i
jk¯h. (5.2)
Proposition 5.2. Let (M,F ) be a weakly Ka¨hler complex Finsler space. If
one of statements (5.2) is true, then the hv-, h¯v¯- and hv¯- Ricci tensors are
vanishing.
Proof. Suppose that Di
jk¯h¯
= Gi
jk¯h¯
. Then, using (5.1) it results (∂˙jDk¯h¯)η
i +
Dk¯h¯δ
i
j = 0. Since (∂˙jDk¯h¯)η
j = Dk¯h¯, hence (n + 1)Dk¯h¯ = 0, and so Dk¯h¯ = 0.
By Lemma 4.1, hv-, and hv¯- Ricci tensors are vanishing. The proof is similar
for Dijkh = G
i
jkh or D
i
jk¯h¯
= Gi
jk¯h¯
.
Corroborating (5.1) with Propositions 4.2 and 4.3, it follows
Corollary 5.1. Let (M,F ) be a weakly Ka¨hler complex Finsler space.
i) If Di
jk¯h
= 0 then Dijkh = D
i
jk¯h¯
= 0.
ii) If Di
jk¯h¯
= 0 then Dijkh = D
i
jk¯h
= 0.
Theorem 5.1. Let (M,F ) be a weakly Ka¨hler complex Finsler space. If
either Di
jk¯h¯
= 0 or Di
jk¯h
= 0 then the space is complex Berwald.
Proof. If either Di
jk¯h¯
= 0 or Di
jk¯h
= 0 then Gijh = G
i
jh(z), which means
that the space is generalized Berwald. The proof is completed by Theorem
2.1.
Theorem 5.2. If (M,F ) is a complex weakly Ka¨hler Douglas space then it
is Berwald.
Proof. It results by Theorem 5.1.
Note that, the weakly Ka¨hler property is preserved by the projective
changes (for proof details see Theorem 3.2 from [3]), and then we have
G˜i = Gi + Pηi, (5.3)
where P is a (1, 0) - homogeneous function. Under this projective change,
we obtain
c
N˜ ij =
c
N ij +Pjη
i + Pδij ;
c
δ˜k=
c
δk −(Pkη
i + Pδik)∂˙i; (5.4)
G˜ijk = G
i
jk + Pjkη
i + Pkδ
i
j + Pjδ
i
k ; G˜
i
jk¯
= Gi
jk¯
+ Pjk¯η
i + Pk¯δ
i
j ,
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where Pjk := ∂˙kPj = Pkj, Pk¯ := ∂˙k¯P, Pjk¯ := ∂˙k¯Pj = ∂˙jPk¯. Moreover, the
(1, 0) - homogeneity of P implies
Pkη
k = P ; Pjk¯η¯
k = 0 ; Pjkη
k = 0 ; Pk¯η¯
k = 0 ; Pjk¯η
j = Pk¯. (5.5)
Next, we shall study the hh− curvatures tensor Kijkh. Under the projec-
tive change (5.3), we have
K˜ikh = K
i
kh +A(k,h)[P
k
B
| h
ηi + (PB
| h
− PPh)δ
i
k]; (5.6)
K˜ijkh = K
i
jkh +A(k,h)[P
jk
B
| h
ηi + P
k
B
| h
δij + (P
j
B
| h
− PjPh − PPjh)δ
i
k],
where ’B
| h
’ is the horizontal covariant derivative with respect to BΓ and A(k,h)
is the alternate operator, for example A(k,h){P
k
B
| h
} := P
k
B
| h
− P
h
B
| k
. Next we
make the following notations
Xkh := P
k
B
| h
− P
h
B
| k
; Xh := PB
| h
− PPh
which have the properties
∂˙jXh = P
j
B
| h
− PjPh − PPjh ; ∂˙jXh − ∂˙hXj = P
j
B
| h
− P
h
B
| j
= Xjh;
∂˙jXkh = P
kj
B
| h
− P
hj
B
| k
; (∂˙jXh)η
j = Xh ; (∂˙jXkh)η
j = 0 ;
Xkjη
j = P
k
B
| 0
− PB
| k
:= Xk0.
By means of these, the changes (5.6) become
K˜ikh = K
i
kh +Xkhη
i +Xhδ
i
k −Xkδ
i
h
K˜ijkh = K
i
jkh + (∂˙jXkh)η
i +Xkhδ
i
j + (∂˙jXh)δ
i
k − (∂˙jXk)δ
i
h. (5.7)
Now, we introduce the hh- Ricci tensor Kkh := K
i
ikh. Another important
tensor is Hjk := K
i
jki. The link between these horizontal curvature tensors
is Hkj − Hjk = Kjk. Summing by i = j and then i = h together with a
contraction by ηj, in the second relation from (5.7), it yields
Xkh =
1
n+ 1
(K˜kh −Kkh) =
1
n + 1
[(H˜hk − H˜kh)− (Hhk −Hkh)]; (5.8)
H˜0k = H0k +Xk0 − (n− 1)Xk .
From here, it results
Xk0 =
1
n+ 1
[(H˜0k − H˜k0)− (H0k −Hk0)]; (5.9)
Xk = −
1
n + 1
(H˜k −Hk) with Hk :=
1
n− 1
(nH0k +Hk0),
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for any n ≥ 2. Moreover,
Kjk = ∂˙jHk0 − ∂˙kHj0 = ∂˙kH0j − ∂˙jH0k and Hjk = ∂˙jH0k. (5.10)
Now, substituting (5.8) and (5.9) in (5.7) we obtain the following invariants
W ikh = K
i
kh +
1
n + 1
A(k,h)(Hkhη
i +Hhδ
i
k); (5.11)
W ijkh = K
i
jkh +
1
n+ 1
A(k,h)[(∂˙jHkh)η
i +Hkhδ
i
j + (∂˙jHh)δ
i
k],
in which the second formula is a projective curvature invariant of Weyl type.
Note that, if (M,F ) is Ka¨hler, then W ijkh = 0.
Theorem 5.3. Let (M,F ) be a weakly Ka¨hler complex Finsler space of com-
plex dimension n ≥ 2.
i) Then, W ijkh = 0 if and only if W
i
kh = 0;
ii) If Kkh = 0 then W
i
jkh = K
i
jkh +
1
n−1
(Hjhδ
i
k −Hjkδ
i
h);
iii) If Hkh = 0 then W
i
jkh = K
i
jkh.
Proof. i) If W ijkh = 0, then
Kijkh = −
1
n+1
A(k,h)[(∂˙jHkh)η
i +Hkhδ
i
j + (∂˙jHh)δ
i
k],
which contracted by ηj give Kikh = −
1
n+1
A(k,h)(Hkhη
i + Hhδ
i
k) and hence,
W ikh = 0.
Conversely, if W ikh = 0 then K
i
kh = −
1
n+1
A(k,h)(Hkhη
i +Hhδ
i
k). Differen-
tiating with respect to ηj, it results
Kijkh = −
1
n+1
A(k,h)[(∂˙jHkh)η
i +Hkhδ
i
j + (∂˙jHh)δ
i
k], that is, W
i
jkh = 0.
ii) IfKkh = 0 thenHkj = Hjk. Substituting into (5.11) and using (5.9) and
(5.10), it results our claim. iii) immediately results by (5.11) and (5.9).
In order to obtain another projective curvature invariant of Weyl type
we assume that the weakly Ka¨hler complex Finsler metric F is generalized
Berwald. Thus, we have Ki
jk¯h¯
= 0, Ki
jk¯h
= −
c
δk¯ G
i
jh and the Bianchi
identities get ∂˙rK
i
jkh
= 0 and ∂˙r¯K
i
jkh
= 0.
Note that by a projective change, the generalized Berwald property of the
metric L is transferred to the metric L˜. Moreover, the generalized Berwald
property together with the weakly Ka¨hler assumption implies that F and F˜
are complex Berwald metrics (Theorem 2.1). Hence, Ki
jk¯h
= −δk¯L
i
jh. There-
fore, under these assumptions, the function P from the projective change
(5.3) is holomorphic with respect to η, i.e. Pk¯ = 0, (see Proposition 3.1 from
[3]), and
N˜ ij = N
i
j + Pjη
i + Pδij ; δ˜k = δk − (Pkη
i + Pδik)∂˙i; (5.12)
L˜ijk = L
i
jk + Pjkη
i + Pkδ
i
j + Pjδ
i
k ; G˜
i
jk¯
= Gi
jk¯
= 0.
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Consequently,
K˜ijk¯h = K
i
jk¯h − Pjh|k¯η
i − Pj|k¯δ
i
h − Ph|k¯δ
i
j ; (5.13)
0 = Pjhr|k¯η
i + Pjh|k¯δ
i
r + Pjr|k¯δ
i
h + Phr|k¯δ
i
j .
Next, we consider the hh¯ - Ricci tensor Kk¯h := K
i
ik¯h
. Since F is Ka¨hler,
Ki
ik¯h
= Ki
hk¯i
. Making i = j in (5.13), it results
Ph|k¯ = −
1
n+ 1
(K˜k¯h −Kk¯h); (5.14)
Phr|k¯ = 0,
which substituted into the first equation from (5.13), give a new projective
curvature invariant of Weyl type, which is valid only for the complex Berwald
spaces,
W i
jk¯h
= Ki
jk¯h
−
1
n+ 1
(Kk¯jδ
i
h +Kk¯hδ
i
j). (5.15)
Note that for any complex Berwald space, the hh¯ - curvatures coefficients
of Chern-Finsler connection can be rewritten as Ri
jk¯h
= Ki
jk¯h
+K l
mk¯h
ηmC ijl.
So that, Rr¯jk¯h = Kr¯jk¯h+K
l
mk¯h
ηmCjr¯l, where Kr¯jk¯h := K
i
jk¯h
gir¯, and Rr¯jk¯hη
j =
Kr¯jk¯hη
j. This implies
KF (z, η) =
2
L2
Kr¯jk¯hη¯
rηj η¯kηh.
Theorem 5.4. Let (M,F ) be a connected complex Berwald space of complex
dimension n ≥ 2. Then,W i
jk¯h
= 0 if and only if Km¯jk¯h =
KF
4
(gjk¯ghm¯+ghk¯gjm¯).
In this case, KF = c, where c is a constant on M and the space is either
purely Hermitian with Kk¯j =
c(n+1)
4
gjk¯ or non purely Hermitian with c = 0
and Ki
jk¯h
= 0.
Proof. Using (5.15) and W i
jk¯h
= 0, it results
Ki
jk¯h
=
1
n+ 1
(Kk¯jδ
i
h +Kk¯hδ
i
j) (5.16)
which contracted with gim¯ gives
Km¯jk¯h =
1
n+ 1
(Kk¯jghm¯ +Kk¯hgjm¯), (5.17)
and
Rm¯jk¯h =
1
n + 1
(Kk¯jghm¯ +Kk¯hgjm¯ +Kk¯lη
lCjm¯h), (5.18)
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where Cjm¯h := ∂˙hgjm¯.
Since Rr¯jk¯h = Rr¯hk¯j , see [1] p. 105, it results Rr¯jk¯h = Rk¯jr¯h, and therefore,
Kr¯jk¯hη
j = Kk¯jr¯hη
j. (5.19)
From (5.17) also results
KF =
4
L(n + 1)
Kk¯jη
j η¯k, (5.20)
which, indeed, can be rewritten as LKF =
4
n+1
Kk¯jη
j η¯k. Differentiating this
last formula with respect to η¯m and using again the Bianchi identity ∂˙m¯Kkh =
0, it follows that KF η¯m + L(∂˙m¯KF ) =
4
n+1
Km¯jη
j.
Now, due to (5.19), we obtain
KF η¯m =
4
n + 1
Km¯jη
j . (5.21)
Thus, L(∂˙m¯KF ) = 0 and so, KF depends only on z. Differentiating (5.21)
with respect to ηl, it gives Km¯l =
(n+1)KF
4
glm¯, which plugged into (5.17)
yields Km¯jk¯h =
KF
4
(gjk¯ghm¯ + ghk¯gjm¯).
Conversely, since Ki
jk¯h
= KF
4
(gjk¯δ
i
h + ghk¯δ
i
j) and Kk¯h =
(n+1)KF
4
ghk¯, the
relation (5.15) implies W i
jk¯h
= 0.
In order to prove that KF is a constant on M we use the Bianchi identity
Ki
jr¯k|h¯
= Ki
jh¯k|r¯
from (3.3). Contracting by gim¯η¯
mηj η¯rηk, it gives
KF |h =
1
L
KF |0¯ηh. (5.22)
Taking into account KF |h|j = KF |j|h = 0, where ’|k ’ is the vertical covari-
ant derivative with respect to Chern-Finsler connection, and deriving (5.22),
we easily deduce
0 = KF |h|j =
1
L
KF |0¯(gjh −
1
L
ηjηh),
which multiplied by gh¯j , it gets 1
L
(n− 1)KF |0¯ = 0. Plugging it into (5.22), it
follows that KF |h = 0, i.e.
∂KF
∂zh
= 0. By conjugation, ∂KF
∂zh
= 0 and so, KF
is a constant c on M . This implies Kk¯j =
c(n+1)
4
gjk¯ and its derivative with
respect to ηl leads to c ∂˙lgjk¯ = 0, and hence the last claim.
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6 Locally projectively flat complex Finsler met-
rics
Using some ideas from the real case, we shall define the locally projectively
flat complex Finsler metrics.
Let L˜ be a locally Minkowski complex Finsler metric on the underlying
manifold M. Corresponding to the metric L˜, at any point of M there exist
local charts in which the fundamental metric tensor g˜ij¯ depends only on η
and thus, the spray coefficients G˜i = 0 and the functions θ˜∗i = 0, in such
local charts. The complex Finsler metrics L will be called locally projectively
flat if it is projectively related to the locally Minkowski metric L˜. Since the
weakly Ka¨hler property is preserved under the projective change, any locally
projectively flat metric is weakly Ka¨hler. We recall Theorem 3.3 from [3],
Theorem 6.1. Let L and L˜ be complex Finsler metrics on the manifold M .
Then, L and L˜ are projectively related if and only if
1
2
[∂˙r¯(δkL˜)η
k + 2(∂˙r¯G
l)(∂˙lL˜)] = P (∂˙r¯L˜) +B
ig˜ir¯ ; r = 1, n, (6.1)
with P =
1
2L˜
[(δkL˜)η
k + θ∗i(∂˙iL˜)] and B
i := 1
2
(θ˜∗i − θ∗i).
Theorem 6.2. L is locally projectively flat if and only if it is weakly Ka¨hler
and
∂˙r¯(δkL˜)η
k + 2(∂˙r¯G
l)(∂˙lL˜) = 2P (∂˙r¯L˜) ; r = 1, n, (6.2)
where P = 1
2L˜
(δkL˜)η
k. Moreover, Gi = −Pηi.
Proof. The above equivalence results by Theorem 6.1 in which L˜ is a locally
Minkowski metric on M . Taking into account (δkL˜)η
k = −2Gl(∂˙lL˜), the
condition (6.2) is equivalent to −Glg˜lr¯ = P (∂˙r¯L˜). By contraction with g˜
r¯i,
we obtain Gi = −Pηi.
Proposition 6.1. If L is locally projectively flat then Gi = 1
2L
∂L
∂zk
ηkηi.
Proof. Since Gi = 1
2
gm¯i ∂grm¯
∂zk
ηkηr and L is locally projectively flat, then
1
2
gm¯i ∂grm¯
∂zk
ηkηr = −Pηi. Contracting by ηi, it leads to P = −
1
2L
∂L
∂zk
ηk which
finishes the proof.
Proposition 6.2. Let (M,F ) be a generalized Berwald space. If L is locally
projectively flat then it is a complex Berwald metric with W i
jk¯h
= 0.
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Proof. By Theorem 2.1, L is a complex Berwald metric. Since K˜i
jk¯h
= K˜k¯h =
0, the relations (5.13) and (5.14), give Ki
jk¯h
= 1
n+1
(Kk¯jδ
i
h + Kk¯hδ
i
j) and so,
W i
jk¯h
= 0.
By Theorem 5.4 we have proved
Theorem 6.3. Let (M,F ) be a connected generalized Berwald space of com-
plex dimension n ≥ 2. If L is locally projectively flat then it is of constant
holomorphic curvature. Moreover, if the constant value of the holomorphic
curvature is non-zero, then (M,F ) is a purely Hermitian space.
Next we study as an application the weakly Ka¨hler complex Finsler met-
rics L with the spray coefficients Gi = ρrη
rηi, where ρ is a smooth complex
function depending only on z ∈ M , ρr :=
∂ρ
∂zr
and ρrh¯ :=
∂ρr
∂z¯h
is Hermitian,
i.e. ρrh¯ = ρhr¯, and it is nondegenerated.
Theorem 6.4. Let (M,F ) be a weakly Ka¨hler complex Finsler space with
Gi = ρrη
rηi. Then
i) L is locally projectively flat;
ii) L is a complex Berwald metric;
iii) L is a purely Hermitian metric of non-zero constant holomorphic
curvature KF = −
4
L
ρrh¯η
rη¯h.
iv) ρ satisfies the system of partial differential equations
ρrh¯k = ρrρkh¯ + ρkρrh¯, (6.3)
where ρrh¯k :=
∂ρrh¯
∂zk
=
∂ρkh¯
∂zr
= ∂ρrk
∂z¯h
and ρrh¯k = ρkh¯r
Proof. In order to prove i), we use Theorem 6.2. Let L˜ be a locally Minkowski
metric on M. Since L is weakly Ka¨hler, we must show only that the equa-
tion (6.2) is satisfied. Indeed, we have ∂˙r¯G
l = 0, (δkL˜)η
k = −2Gl(∂˙lL˜) =
−2ρrη
rηl(∂˙lL˜) = −2L˜ρrη
r, and so ∂˙r¯(δkL˜)η
k = −2(∂˙r¯L˜)ρlη
l, which implies
the equation (6.2).
Since ∂˙r¯G
l = 0, L is generalized Berwald. Thus, Theorem 2.1 yields ii).
iii) Theorem 6.3 together with i) and ii) show that W i
jk¯h
= 0 and L is of
constant holomorphic curvature. Since L is a complex Berwald metric, δk¯ =
c
δk¯
and Lijh = G
i
jh. Hence K
i
jk¯h
= −δk¯L
i
jh, which will be rewritten in terms
of derivatives of ρ. Indeed, two successive differentiations of the equations
Gi = ρrη
rηi lead to
Lijk = ρkδ
i
j + ρjδ
i
k . (6.4)
Consequently,
Ki
jk¯h
= −ρjk¯δ
i
h − ρhk¯δ
i
j
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which gives Kr¯jk¯h = −ρjk¯ghr¯ − ρhk¯gjr¯ and so,
KF = −
4
L
ρrh¯η
rη¯h. (6.5)
Since ρrh¯ is nondegenerated, KF 6= 0 and by Theorem 6.3 it results that
L is a purely Hermitian metric.
iv) To establish the system (6.3) we use (6.5). This implies
L = −
4
KF
ρrh¯η
rη¯h = grh¯η
rη¯h, (6.6)
which gives
grh¯ = −
4
KF
ρrh¯ and δkgrh¯ = −
4
KF
ρrh¯k. (6.7)
Now, using (2.4) and (6.4) it results
δkgjm¯ = ρkgjm¯ + ρjgkm¯ (6.8)
The substitution of (6.7) into (6.8) implies (6.3). Moreover, the Ka¨hler prop-
erty of L gives ρrh¯k = ρkh¯r.
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